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Influence of non-magnetic impurity scattering on the spin dynamics in diluted
magnetic semiconductors
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The doping of semiconductors with magnetic impurities gives rise not only to a spin-spin inter-
action between quasi-free carriers and magnetic impurities, but also to a local spin-independent
disorder potential for the carriers. Based on a quantum kinetic theory for the carrier and impurity
density matrices as well as the magnetic and non-magnetic carrier-impurity correlations, the influ-
ence of the non-magnetic scattering potential on the spin dynamics in DMS after optical excitation
with circularly polarized light is investigated using the example of Mn-doped CdTe. It is shown that
non-Markovian effects, which are predicted in calculations where only the magnetic carrier-impurity
interaction is accounted for, can be strongly suppressed in the presence of non-magnetic impurity
scattering. This effect can be traced back to a significant redistribution of carriers in k-space which
is enabled by the build-up of large carrier-impurity correlation energies. A comparison with the
Markov limit of the quantum kinetic theory shows that, in the presence of an external magnetic
field parallel to the initial carrier polarization, the asymptotic value of the spin polarization at
long times is significantly different in the quantum kinetic and the Markovian calculations. This
effect can also be attributed to the formation of strong correlations which invalidates the semiclas-
sical Markovian picture and it is stronger when the non-magnetic carrier-impurity interaction is
accounted for. In an external magnetic field perpendicular to the initial carrier spin, the correla-
tions are also responsible for a renormalization of the carrier spin precession frequency. Considering
only the magnetic carrier-impurity interaction, a significant renormalization is predicted for a very
limited set of material parameters and excitation conditions. Accounting also for the non-magnetic
interaction a relevant renormalization of the precession frequency is found to be more ubiquitous.
PACS numbers: 75.78.Jp, 75.50.Pp, 75.30.Hx, 72.10.Fk
I. INTRODUCTION
Most of the devices based on the spintronics paradigm
that are commercially available today use the fact that
spin-up and spin-down carriers exhibit different trans-
mission and reflection probabilities at interfaces involv-
ing ferromagnetic metals1,2. However, some applications,
like spin transistors3, require the control not only of spin-
up and spin-down occupations, but also of the coher-
ent precession of spins perpendicular to the quantiza-
tion axis provided by the structure. For this purpose,
spintronic devices based on semiconductors are prefer-
able to metallic structures since the dephasing time in
a metal is about three orders of magnitude shorter than
in a semiconductor4. In the context of semiconductor
spintronics5–7, a particularly interesting class of materi-
als for future applications are diluted magnetic semicon-
ductors (DMS)8–22, which are obtained when semicon-
ductors are doped with transition metal elements, such
as Mn, which act as localized magnetic moments. While
some types of DMS, such as Ga1−xMnxAs, exhibit a fer-
romagnetic phase8,23, other types of DMS, like the usu-
ally paramagnetic CdMnTe, are especially valued for the
enhancement of the effective carrier g-factor by the gi-
ant Zeeman effect that can be used, e.g., to facilitate an
injection of a spin-polarized current into a light-emitting
diode24. Besides causing the giant Zeeman effect, the s-d
exchange interaction between the quasi-free carriers and
localized magnetic impurities also leads to other effects,
such as inducing spin-flip scattering and thereby a direct
transfer of spins from the carriers to the impurities and
vice versa25–28.
Typically, the s-d interaction is described by a Kondo-
like29 localized spin-spin interaction between carriers and
impurities. However, in real DMS materials, the in-
troduction of Mn impurities not only leads to a spin-
dependent interaction Hamiltonian, but also to a spin-
independent local potential for the carriers30. The rea-
son for the appearance of this spin-independent potiential
is that, in the case of Cd1−xMnxTe, the semiconductor
CdTe has a different band structure than MnTe and car-
riers located at unit cells with Mn impurities experience
a larger local potiential energy than carriers at unit cells
with Cd cations. The strength of this local potential can
be estimated by the conduction and valence band offsets
between CdTe and MnTe. Note, however, that usually,
CdTe crystallizes in a zinc-blende structure, while MnTe
is found in a wurzite structure. Thus, a better estima-
tion for the strength of the spin-independent local po-
tential is obtained by studying CdTe/Cd1−xMnxTe het-
erostructures where both materials appear in the form
of a zinc-blende lattice31. From such investigations, the
strenght of the local spin-independent potential for car-
riers at Mn sites of about 1.6 eV can be estimated. In
contrast, the spin-dependent local interaction in DMS
is typically about 220 meV, i.e. one order of magnitude
lower. This consideration suggests that the non-magnetic
2impurity scattering caused by the local spin-independent
interaction between carriers and impurities should not be
disregarded in the study of the spin physics in DMS.
It is noteworthy that a theory which takes into ac-
count a local magnetic interaction as well as a non-
magnetic local potential in a DMS, the V-J tight-binding
model was employed to study the magnetic properties of
GaMnAs32 and it was found that taking into account
the non-magnetic interaction is necessary in order to ob-
tain results in good quantitative agreement with ab initio
calculations for the Curie temperature and with experi-
mental data for the optical conductivity.
For the spin dynamics, scattering at non-magnetic
impurities has already important consequences in non-
magnetic semiconductors33 in the presence of spin-orbit
fields, where scattering processes can enhance or reduce
the spin relaxation and dephasing significantly, e.g., via
the Elliott-Yafet34 and D’yakonov-Perel’35 mechanisms.
The goal of the present article is to investigate how the
non-magnetic interaction between carriers and impurities
affects the spin dynamics in paramagnetic II-VI DMS.
To this end we employ a quantum kinetic theory for car-
rier and impurity density matrices including the carrier-
impurity correlations starting from a system Hamiltonian
that comprises a kinetic energy term, the magnetic and
non-magnetic carrier-impurity interactions as well as the
carrier and impurity Zeeman energies. Earlier quantum
kinetic studies of the spin dynamics in DMS25–27,36,37,
which only considered the spin-dependent s-d interac-
tion, predicted that in some cases, such as in narrow
quantum wells optically excited very close to the band
edge38, the spin transfer between carriers and impurities
cannot be well described by rate equations. Rather, the
time evolution of the carrier spin is, in these cases, non-
exponential and it can exhibit non-monotonic features
such as overshoots. These effects are non-Markovian, as
they can be traced back to the finite memory provided by
the correlations, since the Markovian assumption of a δ-
like memory leads to effective rate equations that predict
an exponential spin dynamics28.
Here, we find that these non-Markovian effects pre-
dicted in the theory of Refs. 25–27, 36, and 37 are
suppressed in the case of the conduction band of a
Cd1−xMnxTe quantum well when non-magnetic scatter-
ing of carriers at the impurities is taken into account.
While, in this case, the non-monotonic behavior of the
spin dynamics disappears, the quantum kinetic theory
predicts quantitative changes in the effective spin trans-
fer rate compared with the Fermi’s golden rule value.
The suppression of the non-Markovian features is mainly
caused by a significant redistribution of carriers away
from the band edge where the non-Markovian effects are
particularly strong38. This carrier redistribution is facil-
itated by the build-up of strong carrier-impurity correla-
tions providing a correlation energy of the order of a few
meV per electron that leads to an increase of the average
kinetic electron energy by about the same amount. Due
to the different strengths of the interactions in the con-
duction band of Cd1−xMnxTe, the non-magnetic carrier-
impurity correlation energy is also much larger than the
magnetic correlation energy studied before in Ref. 39.
In other cases, such as in the valence band of
Cd1−xMnxTe, the non-magnetic impurty scattering can
be much weaker than the magnetic spin-flip scattering
and the non-Markovian effects prevail.
In the presence of an external magnetic field parallel
to the initial carrier spin polarization, it was shown40
that a quantum kinetic treatment of the magnetic part
of the carrier-impurity interaction in DMS leads to a sig-
nificantly different asymptotic value of the carrier spin
polarization at long times t. Because this is also a conse-
quence of an energetic redistribution of carriers, includ-
ing non-magnetic scattering increases this effect. If the
initial carrier spin polarization is perpendicular to the
external magnetic field, the carrier spins precess about
the effective field comprised of the external field and the
mean field due to the impurity magnetization. As shown
in Ref. 39, the carrier-impurity correlations built up by
the magnetic s-d interaction renormalize the carrier spin
precession frequency. Here, we show that when both, the
magnetic and the non-magnetic interactions are taken
into account the renormalization of the carrier spin pre-
cession frequency can be different in sign and magnitude
compared with calculations in which only the magnetic
interaction is considered.
The article is structured as follows: First, quantum
kinetic equations of motion for the carrier and impurity
density matrices as well as for the magnetic and non-
magnetic carrier-impurity correlations are formulated for
a DMS with magnetic and non-magnetic carrier-impurity
interactions. Then, we derive the Markov limit of the
quantum kinetic theory which enables a comparison and
allows us to distinguish the genuine quantum kinetic ef-
fects from the Markovian behavior. Furthermore, from
the Markov limit we can derive analytic expressions for
the carrier-impurity correlation energies as well as the
correlation-induced renormalization of the carrier spin
precession frequency. After having layed out the theory,
we present numerical simulations of the quantum kinetic
equations for the conduction band of a Cd1−xMnxTe
quantum well including magnetic and non-magnetic scat-
tering at the Mn impurities and discuss the energetic re-
distribution of carriers as well as the correlation energies.
Then, we estimate the influence of non-magnetic impu-
rity interaction on the spin dynamics in the valence band
of Cd1−xMnxTe. Finally, we discuss the effects of the
non-magnetic impurity scattering on the spin dynamics
in DMS in the presence of an external magnetic field
parallel and perpendicular to an initial non-equilibrium
carrier spin polarization.
3II. THEORY
A. DMS Hamiltonian
Here, we consider an intrinsic DMS such as
Cd1−xMnxTe in the presence of an external magnetic
field. The total Hamiltonian of this DMS is given by
H =H0 +Hsd +Himp +H
e
Z +H
Mn
Z , (1a)
H0 =
∑
kσ
h¯ωkc
†
σkcσk, (1b)
Hsd =
Jsd
V
∑
kk′σσ′
∑
Inn′
Snn′ · sσσ′c
†
σkcσ′k′e
i(k′−k)RI Pˆ Inn′ ,
(1c)
Himp =
J0
V
∑
kk′σ
∑
J
c
†
σkcσk′e
i(k′−k)RJ , (1d)
HeZ =
∑
kσσ′
h¯geµBB · sσσ′c
†
σkcσ′k, (1e)
HMnZ =
∑
Inn′
h¯gMnµBB · Snn′ Pˆ
I
nn′ , (1f)
where H0 is the single-electron Hamiltonian due to the
crystal potential, Hsd describes the magnetic s-d ex-
change interaction between the carriers and the impu-
rities, Himp describes the spin-independent scattering of
carriers at impurities and HeZ and H
Mn
Z are the carrier
and impurity Zeeman energies.
In Eqs. (1), c†σk and cσk denote the creation and an-
nihilation operators for conduction band electrons with
wave vector k in the spin subband σ = {↑, ↓}. The
magnetic Mn impurities are described by the operator
Pˆ Inn′ = |I, n〉〈I, n
′| where |I, n〉 is the n-th spin state
(n ∈ {− 52 ,−
3
2 , . . .
5
2}) of the I-th magnetic impurity lo-
cated at RI . The band structure of the semiconductor
is described by h¯ωk, which we assume to be parabolic
ωk =
h¯k2
2m∗ with effective mass m
∗. V denotes the vol-
ume of the sample. Jsd is the s-d coupling constant for
the spin-spin interaction between carriers and impurities
and J0 is the non-magnetic coupling constant. Sn1n2 and
sσ1σ2 are the vectors with components consisting of spin-
5
2 and spin-
1
2 spin matrices for the impurities and the
conduction band electrons, respectively, where the unit
h¯ has been substituted into the definition of Jsd so that
sσ1σ2 =
1
2σσ1σ2 , where σσ1σ2 are the Pauli matrices. Fi-
nally, ge and gMn are the g-factors of the electrons and
the impurities, respectively, and µB is the Bohr magne-
ton.
In order to account for spin-independent scattering
not only at Mn impurities but also additional non-
magnetic scattering centers, such as in quaternary com-
pound DMSs like HgCdMnTe41, we allow the number of
scattering centers Nimp in general to be larger than the
number of magnetic impurities NMn. Here, we use the
notation that the index I runs from 1 to NMn while the
index J runs from 1 to Nimp.
B. Quantum kinetic equations of motion
The goal of this artilce is to study the time evolution of
the carrier spin polarization after optical excitation with
circularly polarized light which can be extracted from
the carrier density matrix. In this section, we derive the
corresponding equations of motion starting from the total
Hamiltonian in Eqs. (1).
Following Ref. 36, where for the conduction band only
H0 andHsd in Eqs. (1) were considered, we seek to obtain
a closed set of equations for the reduced carrier and im-
purity density matrices as well as for the carrier-impurity
correlations:
Mn2n1 =〈Pˆ
I
n1n2〉 (2a)
Cσ2σ1k1 =〈c
†
σ1k1
cσ2k1〉, (2b)
C¯σ2k2σ1k1 =V 〈c
†
σ1k1
cσ2k2e
i(k2−k1)RJ 〉, for k2 6= k1,
(2c)
Qσ2n2k2σ1n1k1 =V 〈c
†
σ1k1
cσ2k2e
i(k2−k1)RI Pˆ In1n2〉, for k2 6= k1.
(2d)
Mn2n1 and C
σ2
σ1k1
are the impurity and electron density ma-
trices and C¯σ2k2σ1k1 as well as Q
σ2n2k2
σ1n1k1
are the non-magnetic
and magnetic carrier-impurity correlations, respectively.
In Eqs. (2), the brackets denote not only the quantum
mechanical average of the operators, but also an aver-
age over a random distribution of impurity positions,
which we assume to be on average homogeneous so that
〈ei(k2−k1)RJ 〉 = δk1k2 .
The equations of motion for the variables de-
fined in Eqs. (2) can be derived using the Heisen-
berg equations of motion for the corresponding op-
erators. Note, however, that this procedure leads
to an infinite hierarchy of variables and equations
of motion, since, e. g., the equation of motion for
〈c†σ1k1cσ2k2e
i(k2−k1)RI Pˆ In1n2〉 contains also terms of the
form 〈c†σ1k1cσke
i(k−k1)RI ei(k2−k)RI′ Pˆ In1n2Pˆ
I′
nn′〉 for I
′ 6= I
which cannot be expressed in terms of the variables in
Eqs. (2). Thus, in order to obtain a closed set of equa-
tions, one has to employ a truncation scheme. Here, we
follow the procedure of Ref. 36: we factorize the aver-
ages over products of operators and define the true cor-
relations to be the remainder when all combinations of
factorizations have been subtracted from the averages.
For example, we define (for k2 6= k1)
δ〈c†σ1k1cσ2k2e
i(k2−k1)RI Pˆ In1n2〉 :=
〈c†σ1k1cσ2k2e
i(k2−k1)RI Pˆ In1n2〉
−
(
〈c†σ1k1cσ2k2〉〈e
i(k2−k1)RI 〉〈Pˆ In1n2〉
+ 〈c†σ1k1cσ2k2e
i(k2−k1)RI 〉〈Pˆ In1n2〉
+ 〈ei(k2−k1)RI 〉〈c†σ1k1cσ2k2Pˆ
I
n1n2〉
)
(3)
where δ〈. . . 〉 denotes the true correlations. The basic
assumption of the truncation scheme of Ref. 36 is that
4all correlations higher than δ〈c†σ1k1cσ2k2e
i(k2−k1)RI 〉 and
δ〈c†σ1k1cσ2k2e
i(k2−k1)RI Pˆ In1n2〉 are negligible. This as-
sumption results in a closed set of equations of motion for
the reduced density matrices and the true correlations.
However, it turns out26 that the equations of motion can
be written down in a more condensed form when switch-
ing back to the full (non-factorized) higher order density
matrices as variables, after the higher (true) correlations
are neglected. For details of this procedure, the reader is
referred to Refs. 26 and 36.
Applying this truncation scheme to the total Hamil-
tonian (1) including magnetic and non-magnetic carrier-
impurity interactions as well as the Zeeman terms for
carriers and impurities leads to the equations of motion
for the variables defined in Eqs. (2):
−ih¯
∂
∂t
Mn2n1 =
∑
n
h¯ωMn · (Snn1M
n2
n − Sn2nM
n
n1) +
Jsd
V 2
∑
n
∑
kk′σσ′
(Snn1 · sσσ′Q
σ′n2k
′
σnk − Sn2n · sσσ′Q
σ′nk′
σn1k )
]
, (4a)
−ih¯
∂
∂t
Cσ2σ1k1 =
∑
σ
h¯ωe · (sσσ1C
σ2
σk1
− sσ2σC
σ
σ1k1) + Jsd
NMn
V 2
∑
nn′
∑
kσ
(Snn′ · sσσ1Q
σ2n
′
k1
σnk − Snn′ · sσ2σQ
σn′k
σ1nk1)+
+ J0
Nimp
V 2
∑
k
(C¯σ2k1σ1k − C¯
σ2k
σ1k1
), (4b)
−ih¯
∂
∂t
Qσ2n2k2σ1n1k1 =h¯(ωk1 − ωk2)Q
σ2n2k2
σ1n1k1
+ bσ2n2k2σ1n1k1
I
+ bσ2n2k2σ1n1k1
II
+ bσ2n2k2σ1n1k1
III
+ bσ2n2k2σ1n1k1
imp
, (4c)
−ih¯
∂
∂t
C¯σ2k2σ1k1 =h¯(ωk1 − ωk2)C¯
σ2k2
σ1k1
+ cσ2k2σ1k1
I
+ cσ2k2σ1k1
II
+ cσ2k2σ1k1
III
+ cσ2k2σ1k1
sd
(4d)
with
bσ2n2k2σ1n1k1
I
=
∑
nσσ′
Jsd[Snn1 · sσσ′(δσ1σ′ − C
σ′
σ1k1)C
σ2
σk2
Mn2n − Sn2n · sσσ′(δσσ2 − C
σ2
σk2
)Cσ
′
σ1k1M
n
n1 ], (4e)
bσ2n2k2σ1n1k1
II
=
∑
σ
h¯ωe · (sσσ1Q
σ2n2k2
σn1k1
− sσ2σQ
σn2k2
σ1n1k1
) +
∑
n
h¯ωMn · (Snn1Q
σ2n2k2
σ1nk1
− Sn2nQ
σ2nk2
σ1n1k1
), (4f)
bσ2n2k2σ1n1k1
III
=
Jsd
V
∑
n
∑
kσ
{
(Snn1 · sσσ1Q
σ2n2k2
σnk − Sn2n · sσ2σQ
σnk
σ1n1k1)
−
∑
σ′
sσσ′ ·
[
Cσ
′
σ1k1
(
Snn1Q
σ2n2k2
σnk − Sn2nQ
σ2nk2
σn1k
)
+ Cσ2σk2
(
Snn1Q
σ′n2k
σ1nk1
− Sn2nQ
σ′nk
σ1n1k1
)]}
, (4g)
bσ2n2k2σ1n1k1
imp
=J0
[(
Cσ2σ1k2 − C
σ2
σ1k1
)
Mn2n1 +
1
V
∑
k
(
Qσ2n2k2σ1n1k −Q
σ2n2k
σ1n1k1
)]
, (4h)
and
cσ2k2σ1k1
I
=J0(C
σ2
σ1k2
− Cσ2σ1k1), (4i)
cσ2k2σ1k1
II
=
∑
σ
h¯ωe · (sσσ1 C¯
σ2k2
σk1
− sσ2σC¯
σk2
σ1k1
), (4j)
cσ2k2σ1k1
III
=
J0
V
∑
k
(C¯σ2k2σ1k − C¯
σ2k
σ1k1
), (4k)
cσ2k2σ1k1
sd
=Jsd
∑
nn′
∑
σ
Mnn′Snn′ ·
(
sσσ1C
σ2
σk2
− sσ2σC
σ
σ1k1
)
+
Jsd
V
NMn
Nimp
∑
nn′
∑
kσ
Snn′ ·
(
sσσ1Q
σ2n
′
k2
σnk − sσ2σQ
σn′k
σ1nk1
)
,
(4l)
where bσ2n2k2σ1n1k1
X
are the source terms for the magnetic
carrier-impurity correlations, cσ2k2σ1k1
X
are the sources for
the non-magnetic correlations and
ωMn = gMnµBB+
Jsd
h¯
1
V
∑
kσσ′
sσσ′C
σ′
σk, (5a)
ωe = geµBB+
Jsd
h¯
NMn
V
∑
nn′
Snn′Mnn′ (5b)
5are the mean-field precession frequencies of the impu-
rity and carrier spins, respectively. The first terms on
the right-hand side of Eqs. (4a) and (4b) represent the
precession of the impurity and carrier spins in the mean
field due to the carrier and impurity magnetization as
well as the external magnetic field. The second terms in
Eqs. (4a) and (4b) describe the effects of the magnetic
carrier-impurity correlations on the impurity and carrier
density matrices and the last term of Eq. (4b) describes
the scattering of carriers at non-magnetic impurities.
In analogy to the situation without non-magnetic im-
purity scattering (J0 = 0) studied in Ref. 26, we label
the source terms of the correlations on the right-hand
side of the Eqs. (4c) and (4d) as follows: The terms
bσ2n2k2σ1n1k1
I
are the inhomogeneous driving terms depending
only on single-particle quantities. bσ2n2k2σ1n1k1
II
are homoge-
neous terms which describe a precession-type motion of
the correlations in the effective fields ωe and ωMn. The
source terms bσ2n2k2σ1n1k1
III
comprise the driving of the mag-
netic correlations by other magnetic correlations with dif-
ferent wave vectors and describe a change of the wave
vectors of the correlations due to the s-d interaction.
bσ2n2k2σ1n1k1
imp
denotes the contributions to the equation for
the magnetic correlations due to the non-magnetic im-
purity scattering. The source terms cσ2k2σ1k1
X
for the non-
magnetic correlations are classified analogously.
A straightforward but lengthy calculation confirms
that Eqs. (4) conserve the particle number as well as
the total energy comprised of the single-particle contri-
butions and the correlation energies.
C. Markov limit
Although Eqs. (4) can readily be used to calculate the
spin dynamics given a set of appropriate initial condi-
tions, it is instructive also to derive the Markov limit of
the quantum kinetic equations26–28. On the one hand,
this enables us to distinguish the Markovian behavior
from genuine quantum kinetic effects. On the other hand,
it allows us to derive analytic expressions for the cor-
relation energies and the renormalization of the preces-
sion frequencies in the presence of an external magnetic
field39.
The derivation of the Markov limit comprises two
steps28: First, the equations of motion for the correla-
tions are formally integrated yielding explicit expressions
for the correlations in the form of a memory integral.
This yields integro-differential equations for the single-
particle variables, where the values of the single-particle
variables at earlier times enter. Second, the memory in-
tegral is eliminated by assuming a δ-like short memory.
However, the first step, which involves the formal in-
tegration of the carrier-impurity correlations, can, in
general, be complicated. Nevertheless, if the source
terms bσ2n2k2σ1n1k1
III
and cσ2k2σ1k1
III
as well as the correlation-
dependent part of bσ2n2k2σ1n1k1
imp
and cσ2k2σ1k1
sd
are neglected,
the formal solution of Eqs. (4c-d) becomes much eas-
ier. In absence of non-magnetic impurity scattering,
it has been shown that these source terms are indeed
numerically insignificant26. Furthermore, a straightfor-
ward calculation shows that neglecting these terms also
yields a consistent theory with respect to the conserva-
tion of the total energy. Whether neglecting the terms
bσ2n2k2σ1n1k1
III
, cσ2k2σ1k1
III
and the correlation-dependent parts
of bσ2n2k2σ1n1k1
imp
and cσ2k2σ1k1
sd
is indeed a good approxima-
tion in the presence of non-magnetic impurity scattering
can be tested by comparing the numerical results of the
quantum kinetic equations with and without accounting
for these source terms.
Neglecting the aforementioned source terms in
Eqs. (4), we first formulate a set of quantum kinetic equa-
tions for the new dynamical variables
〈Si〉 =
∑
n1n2
Sin1n2Mn1n2 , (6a)
nk =
∑
σ
Cσσk, (6b)
si
k
=
∑
σ1σ2
siσ1σ2C
σ2
σ1k
, (6c)
C¯αk2
k1
=
∑
σ1σ2
sασ1σ2C¯
σ2k2
σ1k1
(6d)
Qαk2lk1 =
∑
σ1σ2
∑
n1n2
sασ1σ2S
l
n1n2Q
σ2n2k2
σ1n1k1
, (6e)
where 〈S〉 is the average impurity spin and nk and sk
are the occupation density and spin density of the car-
rier states with wave vector k, respectively. C¯αk2
k1
as
well as Qαk2lk1 comprise the non-magnetic and magnetic
carrier-impurity correlations. In Eqs. (6) we use a nota-
tion in which the Latin indices are in the range {1, 2, 3},
while the Greek indices also include the value 0, where
s0σ1σ2 = δσ1σ2 is the 2x2 identity matrix. The corre-
sponding equations of motion for the variables defined in
Eqs. (6) are explicitly given in appendix A.
Note that the source terms bαk2lk1
I
for the correlations
Qαk2lk1 depend on the second moments of the impurity
spins 〈SiSj〉 =
∑
n1n2n3
Sin1n2S
j
n2n3Mn1n3 for which we do
not present equations of motions, although such equa-
tions can, in principle, be derived from Eqs. (4). Here,
we use the fact that for typical sample parameters the
optically induced carrier density is usually much lower
than the impurity concentration, so that the average im-
purity spin only changes marginally over time26. For the
numerical calculations we assume that the impurity den-
sity matrix can be approximately described as being in
thermal equilibrium at all times where the effective im-
purity spin temperature TMn can be obtained from the
value of 〈S〉. From this thermally occupied density ma-
trix, the second moments 〈SiSj〉 consistent with 〈S〉 can
be calculated in each time step.
6The equations of motion for the variables defined in
Eqs. (6) are the starting point for the formal integra-
tion of the correlations. Note that Eqs. (A1d-g) for the
correlations Qαk2lk1 and C¯
αk2
k1
can be transformed into the
general form
∂
∂t
Qk2
k1
= −i(ωk2 − ωk1)Q
k2
k1
+ iχ1ωeQ
k2
k1
+ iχ2ωMnQ
k2
k1
+ bk2
k1
I
, (7)
where χ1, χ2 ∈ {−1, 0, 1} and the terms proportional to
ωe = |ωe| and ωMn = |ωMn| originate from the preces-
sion of the correlations described by the source terms
bσ2n2k2σ1n1k1
II
and cσ2k2σ1k1
II
. The term bk2
k1
I
here denotes the
contributions from the source terms bσ2n2k2σ1n1k1
I
, cσ2k2σ1k1
I
,
bσ2n2k2σ1n1k1
imp
and cσ2k2σ1k1
sd
and only depends on the single-
particle variables. The formal integration of Eq. (7)
yields
Qk2
k1
(t) =
t∫
0
dt′ei[ωk2−(ωk1+χ1ωe+χ2ωMn)](t
′−t)bk2
k1
I
(t′).
(8)
The Markov limit consists of assuming a short memory,
i.e. the assumption that the correlations at time t depend
only significantly on the single-particle variables at the
same time t, so that one is inclined to evaluate bk2
k1
I
(t′)
in Eq. (8) at t′ = t and to draw the source term out of
the integral. However, first, one has to make sure that
the source terms are indeed slowly changing variables.
For example, the carrier spin can precess rapidly about
an external magnetic field. Therefore, we first analyze
the mean-field precession of the single-particle quantities
and split the source terms into parts oscillating with some
frequencies ω of the form
bk2
k1
I
(t′)
MF
=
∑
ω
∑
χ∈{−1,0,1}
eiχω(t
′−t)bk2
k1
ω,χ
(t). (9)
Then, the different oscillating parts bk2
k1
ω,χ
(t) can be
drawn out of the memory integral and the remaining in-
tegral can be solved in the limit of large times t28:
t∫
0
dt′ ei∆ω(t
′−t) t→∞−→ πδ(∆ω) −
i
∆ω
. (10)
This procedure yields particularly transparent results
in the case where the external magnetic field and the im-
purity magnetization are collinear, as is usually the case
when the number of impurities exceeds the number of
quasi-free carriers (NMn ≫ Ne), and the impurity den-
sity matrix is initially occupied thermally. Choosing the
direction of ωe as a reference and defining s
‖
k1
:= s · ωeωe ,
S‖ := Sˆ · ωeωe and ω
‖
Mn := ωMn ·
ωe
ωe
, the Markovian equa-
tions obtained for the spin-up and spin-down occupations
and the perpendicular carrier spin component with re-
spect to the direction of ωe,
n
↑/↓
k1
:=
nk1
2
± s
‖
k1
, (11a)
s
⊥
k1
:=sk1 −
ωe
ωe
s
‖
k1
, (11b)
are given by:
∂
∂t
n
↑/↓
k1
=
π
h¯2V 2
∑
k2
{
δ(ωk2 − ωk1)
[
J2sdNMn
1
2
〈S‖
2
〉 ± JsdJ0(NMn +Nimp)〈S
‖〉+ 2J20Nimp
]
(n
↑/↓
k2
− n
↑/↓
k1
)+
+ δ
[
ωk2 −
(
ωk1 ± (ωe − ω
‖
Mn)
)]
J2sdNMn
[(
〈S⊥
2
〉 ±
1
2
〈S‖〉
)(
1− n
↑/↓
k1
)
n
↓/↑
k2
−
(
〈S⊥
2
〉 ∓
1
2
〈S‖〉
)(
1− n
↓/↑
k2
)
n
↑/↓
k1
]}
,
(12a)
7∂
∂t
s
⊥
k1
=−
π
h¯2V 2
∑
k2
{
δ(ωk2 − ωk1)
[
J2sdNMn
1
2
〈S‖
2
〉(s⊥
k2
+ s⊥
k1
)− 2J20Nimp(s
⊥
k2
− s⊥
k1
)
]
+ δ
[
ωk2 −
(
ωk1 + (ωe − ω
‖
Mn)
)]1
2
(
〈S⊥
2
〉 −
1
2
〈S‖〉(1 − 2n↓
k2
)
)
s
⊥
k1
+ δ
[
ωk2 −
(
ωk1 − (ωe − ω
‖
Mn)
)]1
2
(
〈S⊥
2
〉+
1
2
〈S‖〉(1 − 2n↑
k2
)
)
s
⊥
k1
}
+ ωe × s
⊥
k1
+
1
h¯2V 2
∑
k2
{
−
JsdJ0
ωk2 − ωk1
〈S〉 ×
[
(Nimp −NMn)s
⊥
k2
+ (NMn +Nimp)s
⊥
k1
]
−
J2sdNMn
ωk2 −
(
ωk1 + (ωe − ω
‖
Mn)
) 1
2
(
〈S⊥
2
〉 −
1
2
〈S‖〉(1− 2n↓
k2
)
)(
ωe
ωe
× s⊥
k1
)
+
J2sdNMn
ωk2 −
(
ωk1 − (ωe − ω
‖
Mn)
) 1
2
(
〈S⊥
2
〉+
1
2
〈S‖〉(1− 2n↑
k2
)
)(
ωe
ωe
× s⊥k1
)}
. (12b)
The first line of the right-hand side of Eq. (12a), which
is proportional to n
↑/↓
k2
− n
↑/↓
k1
, describes a redistribution
of occupations of spin-up and spin-down states within
a shell of defined kinetic energy via the term propor-
tional to δ(ωk2 − ωk1). For a parabolic band struc-
ture, this implies a redistribution between states with
the same modulus k of the wave vector k, while the to-
tal carrier spin remains unchanged. If accompanied by
a wave-vector dependent magnetic field like a Rashba or
the Dresselhaus field, this term leads to a D’yakonov-
Perel’-type suppression of the spin dephasing. Here,
however, we do not consider any wave vector dependent
field and the system under investigation is isotropic in
k-space, so that the first line in Eq. (12a) has no in-
fluence on the dynamics of the total spin. The second
line in Eq. (12a) describes a spin-flip scattering from
the spin-up band to the spin-down band and vice versa.
Since these bands are energetically split by h¯ωe and a
flip of carrier spin involves a corresponding flip of an im-
purity spin in the opposite direction, which requires a
magnetic (Zeeman) energy of h¯ω
‖
Mn, the total magnetic
energy released in a spin-flip process is ±h¯(ωe − ω
‖
Mn).
Thus, δ
[
ωk2 −
(
ωk1 ± (ωe − ω
‖
Mn)
)]
ensures a conserva-
tion of the total single-particle energies in the Markov
limit. It is noteworthy that, if the mean-field dynamics
of the source terms as in Eq. (9) is not correctly taken
into account, other energetic shifts are obtained in the δ-
function, which yields equations in the Markov limit that
are not consistent with the conservation of the single-
particle energies28. Note also that the right-hand side of
Eq. (12a) correctly deals with Pauli blocking effects. Be-
cause the non-magnetic impurity scattering enters in the
equations of motion (12a) for the spin-up and spin-down
occupation only via the first line which plays no role in an
isotropic system, it has no influence on the spin dynamics
in the Markov limit.
The first three lines in Eq. (12b) for the perpendic-
ular carrier spin component, which are proportional to
δ-functions, indicate an exponential decay of the per-
pendicular carrier spin component towards zero. The
last three lines describe a precession of the perpendic-
ular carrier spin component. The mean-field precession
frequency ωe is renormalized by the carrier-impurity cor-
relations. This renormalization originates from the imag-
inary part of the memory integral in Eq. (10). Besides
the terms proportional to 1
ωk2−
(
ωk1±(ωe−ω
‖
Mn
)
) , which are
also present when only the magnetic s-d interaction is
taken into account39, the non-magnetic impurity scatter-
ing introduces another contribution which is a cross-term,
i.e. it is absent when either the magnetic or the non-
magnetic impurity scattering is absent, which can be seen
from the fact that it is proportional to the product of Jsd
and J0. In the quasi-continuous limit, the sum over k2
can be replaced by an integral over the spectral density
of states. In quasi-two-dimensional systems like quan-
tum wells, the spectral denstiy of states D(ω) = Am
∗
2pih¯
is constant. Thus, the frequency renormalization can be
integrated and yields logarithmic divergences
∑
k2
1
ωk2 − ω0
=
ωBZ∫
0
dωD(ω)
1
ω − ω0
=
Am∗
2πh¯
ln
∣∣∣∣ωBZ − ω0ω0
∣∣∣∣ . (13)
at the poles ω0 = ωk1 and ω0 = ωk1 ± (ωe−ω
‖
Mn). These
logarithmic divergences are similar to the ones obtained
in the discussion of the Kondo-effect in metals with mag-
netic impurities29. Despite the formal divergence, the
summation over a non-singular carrier distribution al-
ways leads to a finite value of the precession frequency of
the total carrier spin, since the logarithm is integrable28.
From Eq. (13), one can see that the cut-off energy h¯ωBZ ,
which corresponds to the width of the conduction band
and is typically of the order of 1 eV, enters as a new
model parameter in the theory and cannot be eliminated
by assuming that ωBZ → ∞, since then the frequency
renormalization also diverges. As a consequence, the
Markovian expression for the frequency renormalization
8can only give an order-of-magnitude estimation and a
more detailed treatment of the band structure is neces-
sary if a quantitatively more accurate description is re-
quired.
For the special case of zero external magnetic field,
vanishing impurity magnetization and low carrier densi-
ties, Eqs. (12) are equivalent to the simple rate equations
∂
∂t
sk1 = −
1
τ
sk1 , (14)
where the values of the rates coincide with the Fermi’s
golden rule value. In two dimensions, one obtains25
1
τ2D
=
35
12
J2sdm
∗
h¯3
NMn
V
1
d
. (15)
D. Correlation energy
In Eqs. (8) to (10), Markovian expressions for the
carrier-impurity correlations are derived as functionals
of the carrier and impurity variables. Using these ex-
pressions, it is straightforward to also obtain analytic ex-
pressions for the carrier-impurity correlation energies as
functionals of the carrier spins and occupations28. Split-
ting the averages over the magnetic and non-magnetic
carrier-impurity interactions into mean-field and corre-
lated contributions
〈Hsd〉 =〈H
MF
sd 〉+ 〈H
cor
sd 〉, (16a)
〈Himp〉 =〈H
MF
imp〉+ 〈H
cor
imp〉, (16b)
〈HMFsd 〉 =
JsdNMn
V
∑
k
〈S〉 · sk (16c)
〈Hcorsd 〉 =
JsdNMn
V 2
∑
k,k′
∑
i
Qik
′
ik (16d)
〈HMFimp〉 =
J0Nimp
V
∑
k
nk, (16e)
〈Hcorimp〉 =
J0Nimp
V 2
∑
k,k′
C¯0k
′
k
, (16f)
one obtains in the Markov limit
〈Hcorsd 〉 = −
JsdNMn
V 2
∑
k1k2
{ 1
2Jsd〈S
‖2〉nk1 + 2J0〈S
‖〉s
‖
k1
ωk2 − ωk1
+
Jsd
(
〈S⊥〉 − 12 〈S
‖〉
)
(1− n↓
k2
)n↑
k1
ωk2 −
(
ωk1 + (ωe − ω
‖
Mn)
)
+
Jsd
(
〈S⊥〉+ 12 〈S
‖〉
)
(1− n↑
k2
)n↓
k1
ωk2 −
(
ωk1 − (ωe − ω
‖
Mn)
)
}
, (17a)
〈Hcorimp〉 = − 2
J0Nimp
V 2
∑
k1k2
J0nk1 + Jsd〈S
‖〉s
‖
k1
ωk2 − ωk1
. (17b)
Eqs. (17) have the same poles as Eq. (12b) for the fre-
quency renormalization and, thus, also contain formally
logarithmic divergences in two-dimensional systems.
III. RESULTS
After having derived the quantum kinetic equations for
the description of the spin dynamics in DMS including
magnetic and non-magnetic scattering and having ob-
tained rate-type Markovian equations, we now present
results of numerical simulations. Here, we focus on the
case of a 4-nm-wide Cd0.93Mn0.07Te quantum well. For
this material, the magnetic coupling constant is Jsd =
−15 meVnm3 (N0Jsd = −220 meV)
42, while the non-
magnetic coupling constant is approximately J0 = 110
meVnm3 (N0J0 = 1.6 eV)
31, where N0 is the number of
unit cells per unit volume. Furthermore, we use a con-
duction band effective mass of m∗ = 0.1m0 and assume
that the impurity magnetization is described by a ther-
mal distribution at a temperature of T = 2 K and the
g-factors of the conduction band carriers and Mn impu-
rities are ge = −1.77 and gMn = 2, respectively
40. If not
stated otherwise, we choose a value of 40 meV for the
cut-off energy h¯ωBZ in the numerical calculations and
we consider only Mn ions as sources of non-magnetic im-
purity scattering, i. e. Nimp = NMn. As initial value for
the carrier distribution, we use a Gaussian distribution
centered at the band edge of the spin-up band with stan-
dard deviation of Es = 0.4 meV, which corresponds to
an excitation with a circularly polarized light pulse with
full width at half maximum (FWHM) pulse duration of
about 350 fs.
We first discuss the spin dynamics in the conduction
band of a Cd0.93Mn0.07Te quantum well for zero mag-
netic field with a focus on the impact of non-magnetic
impurity scattering on the spin dynamics and investigate
the redistribution of carriers in k-space as well as the
build-up of correlation energy. Then, we study the spin
dynamics in the valence band in a simplified model. Fi-
nally, we investigate the spin dynamics in the presence
of an external magnetic field parallel and perpendicular
to the carrier spin polarization and discuss, in the latter
case, how the non-magnetic impurity scattering affects
the carrier spin precession frequencies.
A. Zero magnetic field
Figure 1(a) shows the time evolution of an initially
polarized carrier spin in a Cd0.93Mn0.07Te quantum well
for vanishing magnetic field. The Markovian equations
(12) predict a simple exponential decay of the carrier
spin, which is transferred to the impurities. Note that
due to NMn ≫ Ne, the asymptotic value of the carrier
spin for long times t is close to zero, since the impu-
rities act as a spin bath. If only the magnetic spin-
flip scattering is accounted for (J0 = 0), the time evo-
lution according to the quantum kinetic theory is non-
monotonic and shows an overshoot below the asymptotic
value. These non-Markovian effects are strongly sup-
pressed in the calculations including non-magnetic im-
purity scattering (J0 = 110 meVnm
3) and the time evo-
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FIG. 1. (a): Time evolution of the carrier spin for zero magnetic field with (J = 110 meVnm3) and without (J = 0) non-
magnetic impurity scattering. QKT1 (points) denotes the results according to the full quantum kinetic equations (4) while
QKT2 (lines) describes the results of the reduced set of equations (A1). The purple dash-dotted line shows the results of the
Markovian equations (12), which is independent of non-magnetic impurity scattering. The inset shows a magnification of the
region where the quantum kinetic theory for J0 = 0 predicts a non-monotonic behavior. (b) Occupation of carrier states at
t = 0 and t = 10 ps for the calculations with and without non-magnetic impurity scattering.
lution of the total spin follows the Markovian dynamics
more closely. An exponential fit to the dynamics of the
full quantum kinetic theory yields an effective spin trans-
fer rate about 15% smaller than the Markovian rate in
Eq. (15).
Interestingly, while the full quantum kinetic equations
(4) yield identical results as the reduced set of equations
(A1) in the case without non-magnetic impurity scatter-
ing, deviations between both approaches can be clearly
seen when the non-magnetic impurity scattering is taken
into account.
In order to understand the suppression of the non-
monotonic features in the spin dynamics with non-
magnetic impurity scattering, it is useful to recapitu-
late the findings of Ref. 38, where the origin of the non-
Markovian behavior of the spin dynamics in absence of
non-magnetic impurity scattering was discussed: It was
found that the depth of the memory induced by the cor-
relations is of the order of the inverse energetic distance
of the carrier state under consideration to the band edge
times h¯. Memory effects become insignificant if the ki-
netic energy of the carrier h¯ωk1 is much higher than the
energy scale of the carrier-impurity spin transfer rate
h¯
τ . For the parameters used in the simulations, one ob-
tains from Eq. (15) a value of τ2D = 2.97 ps and there-
fore h¯τ ≈ 0.22 meV. Figure 1(b) shows the redistribu-
tion of carriers in the calculations with and without non-
magnetic impurity scattering. One can clearly see that,
while without non-magnetic impurity scattering the car-
rier distribution at t = 10 ps is only slightly broadened,
including the non-magnetic impurity scatterings leads to
a drastic redistribution of carriers to states many meV
away from the initial distribution. For these states, the
memory is very short compared with the spin relaxation
time and therefore the Markovian approximation is jus-
tified.
The redistribution of carriers to states several meV
away from the band edge raises questions about the con-
servation of energy, since for zero magnetic field the
mean-field energy of the system is comprised of only the
kinetic energy of the carriers. In the quantum kinetic cal-
culations, however, we also consider the carrier-impurity
correlations which introduce correlation energies that are
not captured in a simple single-particle picture. The dif-
ferent contributions to the total energy over the course of
time for the simulations presented in Fig. 1 are shown in
Fig. 2. There, it is shown that the average kinetic energy
per electron increases from the initial value of the order
of the width of the initial carrier distribution to a much
larger value of about 4 meV on a timescale of about 0.5
ps. This energy is mostly provided by a decrease of non-
magnetic correlation energy from zero to a negative value.
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FIG. 2. Kinetic energy (red line), magnetic correlation energy
(blue line), non-magnetic correlation energy (purple line) and
total energy (cyan line) per electron for the quantum kinetic
calculation shown in Fig. 1 with J0 = 110 meVnm
3. The
red circles show the kinetic energy obtained from the Marko-
vian calculation in Fig. 1. The pluses and crosses depict the
results according to the analytic Markovian expressions for
the correlation energies in Eqs. (17) evaluated using the car-
rier distribution of the quantum kinetic calculation at selected
time steps.
The magnetic correlation energy is comparatively small
since the magnetic coupling constant Jsd is about one or-
der of magnitude smaller than the non-magnetic coupling
constant J0. The pluses and crosses in Fig. 2 show the
results of the analytic expressions (17) for the correlation
energies evaluated using the carrier distributions of the
full quantum kinetic theory in the respective time steps.
The analytic results are found to coincide with the val-
ues extracted from the quantum kinetic theory after the
first 0.5 ps. Even though the analytic expressions for the
correlation energies are obtained within the Markovian
description, it should be noted that in the Markovian
equations of motion (12) for the spins and occupations
only single-particle energies are considered for evaluating
the energy balance. As in our case the single particle en-
ergies comprise only the kinetic energies of the carriers,
the latter are constant in the Markovian description in
sharp contrast to the quantum kinetic treatment.
Note also that the total energy comprised of single-
particle and correlation energies remains constant in the
quantum kinetic simulations, which provides a further
test for the numerics.
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FIG. 3. Spin dynamics in a degenerate valence band of a
Cd0.93Mn0.07Te quantum well with and without accounting
for non-magnetic impurity scattering.
B. Valence band
The fact that in the conduction band of a Cd1−xMnxTe
quantum well the non-magnetic scattering at the impuri-
ties suppresses the characteristic non-monotonic features
of genuine quantum kinetic behavior raises the ques-
tion whether this statement is true in general and non-
Markovian effects always only change the spin dynamics
quantitatively. In this section, we provide an example
of a situation where the non-Markovian features are not
suppressed due to impurity scattering.
We consider now the valence band of a Cd1−xMnxTe
quantum well. The details of the valence band structure
in a quantum well are influenced by, e.g., spin-orbit cou-
pling, strain or the shape of the confinement potential. A
realistic description of the band structure is beyond the
scope of this article. Instead, we perform a model study,
where we assume that heavy-hole and light-hole bands
are degenerate. In this case, we can use the quantum
kinetic theory derived for the conduction band and take
the material parameters for the heavy holes. The mag-
netic coupling constant in the valence band is Jpd = 60
meVnm342 and the heavy-hole mass is mh = 0.7m0
43.
The difference of the band gaps between CdTe and zinc-
blende MnTe of about 1.6 eV is split into the conduction
and valence band offsets by a ratio of 14:144. Thus, one
obtains a value for the non-magnetic coupling constant in
the valence band of about J0 = 7 meVnm
3. The results
of the quantum kinetic simulations for these parameters
are shown in Fig. 3.
In comparison with the conduction band, the 4 times
larger magnetic coupling constant in the valence band
leads to much stronger non-Markovian effects. In par-
ticular, one finds not a single overshoot, but pronounced
oscillations of the spin polarization about its asymptotic
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FIG. 4. (a): Time evolution of the carrier spin polarization parallel to an external magnetic field (B = 100 mT). (b): Spin-up
(↑) and spin-down occupations (↓) at t = 0 and t = 10 ps.
value. In Fig. 3, the calculations with and without ac-
counting for non-magnetic impurity scattering yield prac-
tically identical results. Thus, due to the fact that in
the valence band the non-magnetic coupling constant is
much smaller than the magnetic coupling constant, no
suppression of non-Markovian effects in the spin dynam-
ics is observed.
C. Finite magnetic field: Faraday configuration
Next, we investigate the effects of non-magnetic im-
purity scattering on the spin dynamics in DMS in the
presence of an external magnetic field. In this section,
we study the case in which the external field and the
initial carrier spins are parallel, which is known as the
Faraday configuration. This case has also been consid-
ered in Ref. 40, but without accounting for non-magnetic
impurity scattering.
In Fig. 4(a) the time evolution of the carrier spin po-
larization parallel to an external magnetic field B = 100
mT is shown. Note that the non-monotonic behavior
that can be seen in the case without an external mag-
netic field is suppressed for finite external fields even if
the non-magnetic scattering is disregarded. The most
striking feature in the time evolution of the carrier spin
polarization is that the Markovian result and the quan-
tum kinetic simulations predict very different asymptotic
values of the spin polarization at long times t.
As discussed in Ref. 40, the different stationary values
are related to a broadening of the distribution of scat-
tered carriers in the spin-down band, which is shown in
Fig. 4(b). Note that the broadening of the carrier dis-
tribution is not primarily an effect of energy-time un-
certainty, which is commonly found in quantum kinetic
studies45,46, since the width of the distribution does not
shrink significantly over the course of time40. Rather,
it is a consequence of the build-up of correlation energy
which enables deviations from the conservation of the
single-particle energies in spin-flip scattering processes.
In the Markov limit, the stationary value is obtained
when a balance between scattering from the spin-up to
the spin-down band and vice versa is reached. In the
quantum kinetic calculations, the distribution of the scat-
tered carriers is broadened, so that also spin-down states
below the threshold h¯ωe − h¯ω
‖
Mn are occupied, whose
back-scattering is suppressed since there are no states
in the spin-up band with the matching single-particle en-
ergies. If additionally the non-magnetic impurity scat-
tering is taken into account, the scattered impurity dis-
tribution is even broader and more spin-down states with
kinetic energies below h¯ωe − h¯ω
‖
Mn are occupied, so that
the back-scattering is more strongly suppressed and the
deviation of the asymptotic value of the spin polarization
from the Markovian value is even larger.
D. Finite magnetic field: Voigt configuration
The situation in which an external magnetic field and
the optically induced carrier spin polarization are perpen-
dicular to each other is usually referred to as the Voigt
configuration and is the subject of this section. In this
situation, the carrier spin precesses about the effective
magnetic field ωe due to the external field and the im-
purity magnetization. As shown in Ref. 39, where the
non-magnetic impurity scattering was disregarded, the
carrier-impurity correlations are responsible for a renor-
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FIG. 5. (a) and (b): Time evolution of the carrier spin polarization for B = 25 mT (a) and B = 100 mT (b) using the quantum
kinetic equations (4) and the Markovian equations Eq. (12b), where the terms responsible for the frequency renormalization in
the Markovian equations have been dropped. The precession frequency normalized with respect to its mean-field value ωe is
shown in (c) and (d) using a fit of an exponentially decaying cosine to the quantum kinetic results and the analytic expressions
obtained from Eq. (12b) and the occupations from the quantum kinetic calculations. The black dash-dotted lines in (c) and
(d) show the analytic results for a cut-off energy of h¯ωBZ = 1 eV.
malization of the precession frequency. There, it was also
shown that the strength of this renormalization depends
on the details of the carrier distribution and the strength
of the effective field ωe.
In Fig. 5(a), we present simulations of the spin dynam-
ics in a DMS in Voigt geometry for an external magnetic
field ofB = 25 mT, which corresponds to a situation with
|〈S〉| ≈ 0.05, where the magnetic-correlation-induced fre-
quency renormalization according to Ref. 39 is particu-
larly strong. Simulations with (J0 = 110 meVnm
3) and
without (J0 = 0) accounting for the non-magnetic impu-
rity scattering are compared to Markovian calculations
based on Eqs. (12). Note that for the Markovian calcula-
tion shown in Fig. 5 the frequency renormalization was
not taken into account. The results of all simulations
shown in Fig. 5(a) are very similar and follow closely
the form of an exponentially damped cosine. Note that
at long times, the phases of the oscillations of the cal-
culations accounting for non-magnetic impurity scatter-
ing matches the Markovian calculation without frequency
renormalization, while accounting only for magnetic spin-
flip scattering leads to oscillations with a slightly higher
frequency.
The frequency renormalization for the simulations
shown in Fig. 5(a) is presented in Fig. 5(c), where an
exponentially decaying cosine is fit to the quantum ki-
netic results and, for comparison, the total precession
frequency including the correlation-induced renormaliza-
tion in the Markovian description in Eq. (12b) evaluated
using the spin-up and spin-down occupations of the quan-
tum kinetic simulations is depicted. Due to the time evo-
lution of the occupations, also the renormalization pre-
dicted by Eq. (12b) becomes a function of time, which,
however, is for all times close to the constant extracted
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by fitting the quantum kinetic result. The calculations
without non-magnetic impurity scattering predict an in-
crease of the carrier spin precession frequency of about
2 − 3% with respect to the mean-field value ωe, which
is consistent with the findings of Ref. 39. On the other
hand, the contribution from the non-magnetic carrier-
impurity correlations leads to a decrease of the precession
frequency which partially cancels the contribution from
the magnetic correlations.
In Figs. 5(b) and 5(d), the time evolution of the car-
rier spin polarization and the frequency renormalization
are shown for an external magnetic field of B = 100
mT. In this case, the envelope of the spin polariza-
tion decays only exponentially for the calculations with-
out non-magnetic impurity scattering. For J0 = 110
meVnm3, the spin polarization follows the exponential
decay of the simulation with J0 = 0 only up to about
5 ps. After that, it decays much slower, which is a new
non-Markovian effect that is absent if the non-magnetic
impurity scattering is disregarded. As can be seen in
Fig. 5(d), the frequency renormalization due to the mag-
netic interaction alone is almost zero. Nevertheless, when
the non-magnetic carrier-impurity correlations are taken
into account, the precession frequency shows a decrease
of about 2 − 3%. Thus, in contrast to the correlation-
induced renormalization in absence of non-magnetic scat-
tering where the renormalization is only observable for a
very narrow set of initial conditions39, including the non-
magnetic carrier-impurity interaction results in a signifi-
cant renormalization for a much broader set of excitation
conditions.
It is noteworthy that the frequency renormalization in
the quantum kinetic calculations is well reproduced by
the Markovian expression in Eq. (12b). The numerical
demands of the full quantum kinetic equations require a
restriction of the conduction band width h¯ωBZ used in
the calculations to a few tens of meV. However, in real-
istic band structures, the band widths are of the order
of eV. In order to give an order-of-magnitude estimation
of the frequency renormalization for such band widths,
we present in Figs. 5(c) and 5(d) also the results of the
Markovian expression for the frequency renormalizations
using the value of h¯ωBZ = 1 eV together with the oc-
cupations obtained in the quantum kinetic calculations
for h¯ωBZ = 40 meV. This estimation yields a renormal-
ization of the precession frequencies due to the combined
effects of magnetic and non-magnetic scattering of about
5 − 7%. A quantitatively more accurate description re-
quires a more detailed treatment of the band structure,
which is beyond the scope of this article.
Note also that the frequency renormalization due to
the non-magnetic carrier-impurity correlations is domi-
nated by a cross-term proportional to JsdJ0 [cf. fourth
line in Eq. (12b)]. Thus, the sign of the frequency renor-
malization depends on the relative signs of the coupling
constants Jsd and J0. In principle, this allows a determi-
nation of the sign of the magnetic coupling constant Jsd
which cannot be obtained directly, e.g., by measuring the
giant Zeeman splitting of excitons42.
IV. CONCLUSION
We have investigated the influence of non-magnetic im-
purity scattering at Mn impurities on the spin dynamics
in Cd1−xMnxTe diluted magnetic semiconductors. To
this end, we have developed a quantum kinetic theory
taking the magnetic and non-magnetic carrier-impurity
correlations into account. The Markov limit of the quan-
tum kinetic equation is derived in order to distinguish
the Markovian dynamics from genuine quantum kinetic
effects.
In contrast to earlier studies25,27,37,40 in which only
the magnetic contribution to the carrier-impurity inter-
action has been considered, some non-Markovian effects,
such as a non-monotonic spin transfer between carriers
and impurities, are strongly suppressed in the case of the
conduction band of a Cd1−xMnxTe quantum well, while
other features stemming from non-Markovian dynamics
are enhanced, such as the large finite stationary value
of the spin polarization in a magnetic field reached at
long times. The reason for the suppression in the former
case is that the non-magnetic impurity scattering leads
to a strong redistribution of carriers in k-space away from
the states at k = 0. Since memory effects are particu-
larly strong for carriers in proximity to the band edge27,
this redistribution leads to spin dynamics that are well
described by Markovian rate equations. The redistribu-
tion of the carriers implies an increase of their kinetic
energies which is provided by a build-up of (negative)
carrier-impurity correlation energy and which cannot be
described by a mean-field or semiclassical approximation.
We also provide analytic expressions for the correlation
energies in the form of functionals of the spin-up and
spin-down carrier occupations. Numerical calculations
confirm that these expressions indeed describe the cor-
relation energies obtained from the full quantum kinetic
theory very well.
Even though doping with magnetic impurities unavoid-
ably also provides a contribution to non-magnetic impu-
rity scattering, there can still be situations where the
latter is too weak to influence the spin dynamics and to
suppress otherwise visible non-Markovian effects. This is
substantiated by a model study of a Cd1−xMnxTe quan-
tum well with degenerate valence bands, where the spin
polarization exhibits a non-monotonic time dependence
in the form of oscillations, while the Markovian treatment
predicts a simple exponential decay. Further investiga-
tions using a more realistic valence band structure are
needed in order to make more precise predictions about
possible non-Markovian features in the hole spin dynam-
ics in DMS.
In the presence of an external magnetic field paral-
lel to the initial carrier spin (Faraday geometry), earlier
studies40 that did not consider non-magnetic impurity
scattering predicted that the asymptotic value of the car-
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rier spins in the conduction band of a DMS quantum well
at long times t are significantly different in quantum ki-
netic and Markovian calculations. This was attributed
to a broadening of the distribution of the scattered elec-
trons due to the build-up of strong carrier-impurity cor-
relations, which, because of the correlation energy, leads
to a non-conservation of single-particle energies. The
broadening results in an occupation of states by electrons
whose back-scattering to the original band is strongly
suppressed due to the lack of states with matching single-
particle energies. This induces a bias between spin-flip
scattering from the spin-up to the spin-down subband
and vice versa. In the presence of a strong non-magnetic
carrer-impurity interaction, the correlation energy be-
comes much larger and with it also the broadening of the
scattered carrier distribution and the deviations of the
asymptotic value of the carrier spin polarization from its
value obtained in Markovian calculations.
In the Voigt geometry, where the initial carrier spin po-
larization is perpendicular to the external field, the car-
rier spin precesses about the effective magnetic field com-
prised of the external field and the mean field due to the
impurity magnetization. There, the carrier-impurity cor-
relations lead to a renormalization of the spin precession
frequencies. An analytic expression for this renormaliza-
tion is presented and it is found to be of a similar form
as the expression for the correlation energies. The non-
magnetic carrier-impurity interaction influences the fre-
quency renormalization via a cross-term which vanishes if
either the magnetic or the non-magnetic carrier-impurity
interaction is neglected. In the case of the conduction
band of Cd1−xMnxTe, the magnetic and non-magnetic
contributions to the frequency renormalization have op-
posite signs. A measurement of the frequency renormal-
ization can therefore indicate the sign of the exchange
interaction. For magnetic fields at which the renormal-
ization due to the magnetic correlations is particularly
strong, the magnetic and non-magnetic contributions al-
most cancel each other. However, in most situations, the
purely magnetic contribution is relatively weak39, so that
the cross-term dominates the total frequency renormal-
ization. The order of magnitude of the frequency renor-
malization for the cases considered here is about a few
percent of the mean-field precession frequency.
To summarize, the influence of the non-magnetic impu-
rity scattering on the spin dynamics in DMS is two-fold:
First, it leads to a significant redistribution of carriers in
k-space, which facilitates the suppression of some non-
Markovian effects in certain situations. Second, it causes
a formation of strong many-body correlations between
carriers and impurities, which result in large correlation
energies and a significant renormalization of the carrier
spin precession frequency.
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Appendix A: Reduced set of equations of motions
The equations of motions for the variables defined in
Eq. (6) are:
∂
∂t
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∑
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i
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V
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